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Abstract
Based on an original idea, namely, a speciﬁc way of choosing the indexes of involved
mappings, we propose a relaxed Halpern-type iterative algorithm for approximating
some common ﬁxed point of a kind of nonlinear mappings and obtain a strong
convergence theorem under suitable conditions. Since the involved mappings need
no assumption of being uniformly totally quasi-φ-asymptotically nonexpansive, and
there is no need to compute projections onto intersections of countably many closed
and convex sets, the results improve those of the authors with related interest.
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1 Introduction
Throughout this paper, we assume that E is a real Banach space with its dual E∗, C is a




f ∈ E∗ : 〈x, f 〉 = ‖x‖ = ‖f ‖}, ∀x ∈ E.
In the sequel, we use F(T) to denote the set of ﬁxed points of a mapping T .
Deﬁnition . [] A mapping T : C → C is said to be totally quasi-φ-asymptotically non-
expansive if F(T) 	= ∅ and there exist nonnegative real sequences {νn}, {μn}with νn,μn → 





)≤ φ(p,x) + νnζ (φ(p,x)) +μn, ∀n≥ ,x ∈ C,p ∈ F(T), (.)
where φ : E × E →R+ denotes the Lyapunov functional deﬁned by
φ(x, y) = ‖x‖ – 〈x, Jy〉 + ‖y‖, ∀x, y ∈ E. (.)
© 2013 Deng; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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It is obvious from the deﬁnition of φ that
(‖x‖ – ‖y‖) ≤ φ(x, y)≤ (‖x‖ + ‖y‖). (.)
Deﬁnition . [] () A countable family of mappings {Ti} : C → C is said to be totally
uniformly quasi-φ-asymptotically nonexpansive if F :=
⋂∞
i= F(Ti) 	= ∅ and there exist non-
negative real sequences {νn}, {μn} with νn,μn →  (as n → ∞) and a strictly increasing




)≤ φ(p,x) + νnζ (φ(p,x)) +μn, ∀n≥ , i≥ ,x ∈ C,p ∈ F(T). (.)
() A mapping T : C → C is said to be uniformly L-Lipschitz continuous if there exists a
constant L >  such that
∥∥Tnx – Tny∥∥≤ L‖x – y‖, ∀n≥ ,x, y ∈ C. (.)
In , Chang et al. [] used the following modiﬁed Halpern-type iteration algorithm
for totally quasi-φ-asymptotically nonexpansivemappings to have the strong convergence
under a limit condition only in the framework of Banach spaces.
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x ∈ C; C = C,
yn,m = J–[αnJx + ( – αn)JTnmxn], m≥ ,
Cn+ = {z ∈ Cn : supm≥ φ(z, yn,m)≤ αnφ(z,x) + ( – αn)φ(z,xn) + ξn},
xn+ =Cn+x, ∀n≥ ,
(.)
where {Ti} : C → C is a countable family of closed and uniformly totally quasi-φ-
asymptotically nonexpansive mappings; and ξn = νn supp∈F ζ (φ(p,xn)) + μn, Cn+ is the
generalized projection (see (.)) of E onto Cn+. Their results extended and improved the
corresponding results of Qin et al. [, ], Wang et al. [], Martinez-Yanes and Xu [] and
others.
However, it is obviously a very strong condition that the involvedmappings are assumed
to be uniformly totally quasi-φ-asymptotically nonexpansive. Additionally, the assump-
tion conditions imposed on all Cn (n ≥ ) are not weak at all since each one is in fact an
intersection of countably many sets. This fact makes the projection very hard to compute,
and therefore themethod proposed in their paper does not seem to be valuable in practice.
Inspired and motivated by the studies mentioned above, in this article, we introduce a
relaxed iterative algorithm for approximating some common ﬁxed point of a countable
family of totally quasi-φ-asymptotically nonexpansive mappings and obtain a strong con-
vergence theorem.
2 Preliminaries
Following Alber [], the generalized projection C : E → C is deﬁned by
C = arg infy∈Cφ(y,x), ∀x ∈ E. (.)
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Lemma . [] Let E be a smooth, strictly convex and reﬂexive Banach space, and let C be
a nonempty closed convex subset of E. Then the following conclusions hold:
() φ(x,Cy) + φ(Cy, y)≤ φ(x, y) for all x ∈ C and y ∈ E;
() If x ∈ E and z ∈ C, then z =Cx⇔ 〈z – y, Jx – Jz〉 ≥ , ∀y ∈ C;
() For x, y ∈ E, φ(x, y) =  if and only if x = y.
Remark . The following basic properties for a Banach space E can be found in Cio-
ranescu [].
(i) If E is uniformly smooth, then J is uniformly continuous on each bounded subset of
E;
(ii) If E is reﬂexive and strictly convex, then J– is norm-weak-continuous;
(iii) If E is a smooth, strictly convex and reﬂexive Banach space, then the normalized
duality mapping J : E → E∗ is single-valued, one-to-one and onto;
(iv) A Banach space E is uniformly smooth if and only if E∗ is uniformly convex;
(v) Each uniformly convex Banach space E has the Kadec-Klee property, i.e., for any
sequence {xn} ⊂ E, if xn ⇀ x ∈ E and ‖xn‖ → ‖x‖, then xn → x as n→ ∞.
Lemma . [] Let E be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, and let C be a nonempty closed convex subset of E. Let {xn} and {yn}
be two sequences in C such that xn → p and φ(xn, yn)→ , where φ is the function deﬁned
by (.), then yn → p.
Lemma. [] Let E and C be the same as in Lemma .. Let T : C → C be a closed and to-
tally quasi-φ-asymptotically nonexpansive mapping with nonnegative real sequences {νn},
{μn} and a strictly increasing continuous function ζ : R+ → R+ such that νn,μn →  and
ζ () = . If μ = , then the ﬁxed point set F(T) of T is a closed and convex subset of C.
Lemma . [] The unique solutions to the positive integer equation
n = i + (m – )m , m≥ i,n = , , , . . . , (.)
are






, n = , , , . . . , (.)
where [x] denotes the maximal integer that is not larger than x.
3 Main results
Theorem . Let E be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, let C be a nonempty closed convex subset of E, and let Ti : C → C, i =
, , . . . , be a countable family of closed and totally quasi-φ-asymptotically nonexpansive
mappings with nonnegative real sequences {ν(i)n }, {μ(i)n } satisfying ν(i)n →  and μ(i)n →  (as
n → ∞ and for each i ≥ ) and a strictly increasing and continuous function ζ : R+ →R+
satisfying condition (.) and each Ti is uniformly Li-Lipschitz continuous. Let {αn} be a
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sequence in [, ] with αn → . Let {xn} be the sequence generated by
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x ∈ C; C = C,
yn = J–[αnJx + ( – αn)JTmnin xn],
Cn+ = {z ∈ Cn : φ(z, yn)≤ αnφ(z,x) + ( – αn)φ(z,xn) + ξn},
xn+ =Cn+x, ∀n≥ ,
(.)
where ξn := ν(in)mn supp∈F ζ (φ(p,xn)) +μ
(in)
mn , Cn+ is the generalized projection of E onto Cn+,
and in and mn are the solutions to the positive integer equation: n = i + (m–)m (m ≥ i,
n = , , . . .), that is, for each n≥ , there exist unique in and mn such that
i = , i = , i = , i = ,
i = , i = , i = , i = , . . . ;
m = , m = , m = , m = ,
m = , m = , m = , m = , . . . .
If F :=
⋂∞
i= F(Ti) is bounded and μ
(i)
 =  for each i ≥ , then {xn} converges strongly to
Fx.
Proof We divide the proof into several steps.
(I) F and Cn (∀n≥ ) both are closed and convex subsets in C.
In fact, it follows from Lemma . that each F(Ti) is a closed and convex subset of C, so
is F . In addition, with C (= C) being closed and convex, we may assume that Cn is closed
and convex for some n≥ . In view of the deﬁnition of φ, we have that
Cn+ =
{
z ∈ C : ϕ(z)≤ a}∩Cn,
where ϕ(z) = αn〈z, Jx〉+(–αn)〈z, Jxn〉–〈z, Jyn〉 and a = αn‖x‖+(–αn)‖xn‖–‖yn‖+
ξn. This shows that Cn+ is closed and convex.
(II) F is a subset of
⋂∞
n=Cn.
It is obvious that F ⊂ C. Suppose that F ⊂ Cn for some n≥ . Then, for any p ∈ F ⊂ Cn,
we have




αnJx + ( – αn)JTmnin xn
])
= ‖p‖ – 〈p,αnJx + ( – αn)JTmnin xn〉 +
∥∥αnJx + ( – αn)JTmnin xn
∥∥




+ αn‖x‖ + ( – αn)
∥∥Tmnin xn
∥∥




≤ αnφ(p,x) + ( – αn)
[






≤ αnφ(p,x) + ( – αn)
[







= αnφ(p,x) + ( – αn)φ(p,xn) + ξn. (.)
This implies that p ∈ Cn+, and so F ⊂ Cn+.
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(III) xn → x∗ ∈ C as n→ ∞.
In fact, since xn = Cnx, from Lemma .() we have 〈xn – y, Jx – Jxn〉 ≥ , ∀y ∈
Cn. Again since F ⊂ ⋂∞n=Cn, we have 〈xn – p, Jx – Jxn〉 ≥ , ∀p ∈ F . It follows from
Lemma .() that for each p ∈ F and for each n≥ ,
φ(xn,x) = φ(Cnx,x)≤ φ(p,x) – φ(p,xn)≤ φ(p,x),
which implies that {φ(xn,x)} is bounded, so is {xn}. Since for all n ≥ , xn = Cnx and
xn+ = Cn+x ∈ Cn+ ⊂ Cn, we have φ(xn,x) ≤ φ(xn+,x). This implies that {φ(xn,x)} is
nondecreasing, hence the limit
lim
n→∞φ(xn,x) exists.
Since E is reﬂexive, there exists a subsequence {xni} of {xn} such that xni ⇀ x∗ ∈ C as
i→ ∞. Since Cn is closed and convex and Cn+ ⊂ Cn, this implies that Cn is weakly closed






Since the norm ‖ · ‖ is weakly lower semi-continuous, we have
lim inf
i→∞ φ(xni ,x) = lim infi→∞
















This implies that limi→∞ φ(xni ,x) = φ(x∗,x), and so ‖xni‖ → ‖x∗‖ as i → ∞. Since




Since {φ(xn,x)} is convergent, this, together with limi→∞ φ(xni ,x) = φ(x∗,x), shows that
limn→∞ φ(xn,x) = φ(x∗,x). If there exists some subsequence {xnj} of {xn} such that xnj →
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(IV) x∗ is a member of F .
Set Ki = {k ∈N : k = i + (m–)m ,m≥ i,m ∈N} for each i ≥ . For example, by Lemma .
and the deﬁnition of K, we have K = {, , , , , , . . .} and i = i = i = i = i = i =
· · · = . Then we have





+μ(i)mk , ∀k ∈Ki. (.)




ξk = . (.)
Since xn+ ∈ Cn+, it follows from (.), (.) and (.) that
φ(xk+, yk)≤ αkφ(xk+,x) + ( – αk)φ(xk+,xk) + ξk →  (.)
as Ki  k → ∞. Since xk → x∗ as Ki  k → ∞, it follows from (.) and Lemma . that
lim
Kik→∞
yk = x∗. (.)
Note that Tmkik = T
mk
i whenever k ∈ Ki for each i ≥ . Since {xk}k∈Ki is bounded, so is
{Tmki xk}k∈Ki . In view of αk → , hence from (.) we have that
lim
Kik→∞
∥∥Jyk – JTmki ∥∥ = limKik→∞αk
∥∥Jx – JTmki ∥∥ = . (.)
In addition, Jyk → Jx∗ implies that limKik→∞ JTmki = Jx∗. Remark .(ii) yields that, as
Ki  k → ∞,
Tmki xk ⇀ x∗, ∀i≥ . (.)
Again, since for each i≥ , as Ki  k → ∞,
∣∣∥∥Tmki xk∥∥ – ∥∥x∗∥∥∣∣ = ∣∣∥∥J(Tmki xk)∥∥ – ∥∥Jx∗∥∥∣∣
≤ ∥∥J(Tmki xk) – Jx∗∥∥→ , (.)
this, together with (.) and the Kadec-Klee property of E, shows that
lim
Kik→∞
Tmki xk = x∗, ∀i≥ . (.)
On the other hand, by the assumptions that for each i ≥ , Ti is uniformly Li-Lipschitz
continuous, and noting thatmk+ –  =mk for all k ∈Ki, we then have
∥∥Tmk+i xk – Tmki xk∥∥ ≤ ∥∥Tmk+i xk – Tmk+i xk+∥∥ + ∥∥Tmk+i xk+ – xk+∥∥
+ ‖xk+ – xk‖ +
∥∥xk – Tmki xk∥∥
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≤ (Li + )‖xk+ – xk‖ +
∥∥Tmk+i xk+ – xk+∥∥
+
∥∥xk – Tmki xk∥∥. (.)
From (.) and xk → x∗ (Ki  k → ∞), we have that limKik→∞ ‖Tmk+i xk – Tmki xk‖ = 
and limKik→∞ T
mk+
i xk = x∗, i.e., limKik→∞ Ti(T
mk+–









In view of the closedness of Ti, it follows from (.) that Tix∗ = x∗, namely, for each i≥ ,
x∗ ∈ F(Ti) and hence x∗ ∈ F .
(V) x∗ =Fx, and so xn → Fx as n→ ∞.








which implies that x∗ = u since u = Fx, and hence xn → x∗ = Fx. This completes the
proof. 
Remark . Note that algorithm (.) just depends on the projection onto a single closed
and convex set for each ﬁxed n. An example [] of how to compute such a projection is
given as follows.
Dykstra’s algorithm Let 
,
, . . . ,
p be closed and convex subsets of Rn. For any i =
, , . . . ,p and x ∈Rn, the sequences {xki } are deﬁned by the following recursive formulae:
⎧⎪⎪⎨
⎪⎪⎩
xk = xk–p ,
xki = P
i (xki– – yk–i ), i = , , . . . ,p,
yki = xki – (xki– – yk–i ), i = , , . . . ,p,
(.)





then {xki } converges to x∗ = P
(x), where P
(x) := arg infy∈
 ‖y – x‖, ∀x ∈Rn.
We now give a nontrivial example of the calculation of common ﬁxed points for speciﬁc
mappings.
Example . Let E = R with the standard norm ‖ · ‖ = | · | and C = [, ]. Let {Ti} : C →
C be a sequence of nonexpansive mappings deﬁned by Tix = x
i
i . Consider the following
iteration sequence generated by
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
x ∈ C; C = C,
yn = J–[αnJxn + ( – αn)Jzn],
zn = J–[βnJxn + ( – βn)JTinxn],
Cn+ = {v ∈ Cn : φ(v, yn)≤ φ(v,xn)},
xn+ =Cn+x, ∀n≥ ,
(.)
Deng Journal of Inequalities and Applications 2013, 2013:367 Page 8 of 9
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/367
where {αn} = {  – n }, {βn} = {  – n } and Cn+ (x) := arg infy∈Cn+ |y – x|. Note that J = I
and φ(x, y) = |x – y| for all x, y ∈ E since E is a Hilbert space. Moreover, it is not diﬃcult
to obtain that Cn+ = [, xn+yn ] for all n≥ . Then (.) is reduced to
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
x ∈ C; C = C,
yn = ( –






zn = ( –






Cn+ = {v ∈ Cn : |v – yn| ≤ |v – xn|},
xn+ = xn+yn , ∀n≥ ,
(.)
where in is the solution to the positive integer equation: n = i+ (m–)m (m≥ i, n = , , . . .). It
is clear that {Ti} is a sequence of closed and totally quasi-φ-asymptotically nonexpansive
mappings with a common ﬁxed point zero. It then can be shown by a similar way of Theo-
rem . that {xn} converges strongly to zero. The numerical experiment outcome obtained
by usingMATLAB ... shows that as x = , the computations of x, x, x and
x are ., ., . and ., respec-
tively. This example illustrates the eﬀectiveness of the introduced algorithm for countable
families of totally quasi-φ-asymptotically nonexpansive mappings.
4 Applications
The so-called convex feasibility problem for a family ofmappings {Ti}∞i= is to ﬁnd a point in
the nonempty intersection
⋂∞
i= F(Ti), which exactly illustrates the importance of ﬁnding
common ﬁxed points of inﬁnite families. The following example also clariﬁes the same
thing.
Example . Let E be a smooth, strictly convex and reﬂexive Banach space, let C be a
nonempty and closed convex subset of E, and let {fi}∞i= : C × C → R be a sequence of
bifunctions satisfying the conditions: for each i≥ ,
(A) fi(x,x) = ;
(A) fi is monotone, i.e., fi(x, y) + fi(y,x)≤ ;
(A) lim supt↓ fi(x + t(z – x), y)≤ fi(x, y);
(A) the mapping y → fi(x, y) is convex and lower semicontinuous.




)≥ , ∀y ∈ C, i≥ ,
whose set of common solutions is denoted by EP :=
⋂∞
i= EP(fi), where EP(fi) denotes the
set of solutions to the equilibrium problem for fi (i = , , . . .). It is shown in [, Theo-
rem .] that such a system of problems can be reduced to the approximation of some
ﬁxed point of a sequence of nonlinear mappings.
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